Maximally supersymmetric Yang-Mills theories have several remarkable properties, among which are the cancellation of UV divergences, factorization of higher loop corrections and possible integrability. Much attention has been attracted to the N = 4 D = 4 SYM theory. The N = (1, 1) D = 6 SYM theory possesses similar properties but is nonrenomalizable and serves as a toy model for supergravity. We consider the on-shell four point scattering amplitude and analyze its perturbative expansion within the spin-helicity and superspace formalism. The integrands of the resulting diagrams coincide with those of the N = 4 D = 4 SYM and obey the dual conformal invariance. Contrary to 4 dimensions, no IR divergences on mass shell appear. We calculate analytically the leading logarithmic asymptotics in all loops. Their summation leads to a Regge trajectory which is calculated exactly. The leading powers of s are calculated up to six loops. Their summation is performed numerically and leads to a smooth function of s. The leading UV divergences are calculated up to 5 loops. The result suggests the geometrical progression which ends up in a finite expression. This leads us to a radical point of view on nonrenormalizable theories.
Introduction
In the last decade there has been considerable activity on the calculation of the amplitudes in maximally supersymmetric Yang-Mills theories (SYM) [1, 2] and maximally supersymmetric gravity [3] . Gauge and gravity SUSY theories in D = 4 such as the N = 4 SYM and N = 8 SUGRA are the most important examples. These theories are believed to possess several remarkable properties, among which are total or partial cancelation cancellation of UV divergences, factorization of higher loop corrections and possible integrability. The success of factorization leading to the BDS ansatz [1] for the amplitudes in D = 4 N = 4 SYM stimulated similar activity in other models and dimensions. Many magnificent insights in the structure of amplitudes (the S-matrix) of gauge theories in various dimensions (for review see, for example, [4] ) were obtained. It was understood that the structure of the integrands in all these theories is the same and has an imprint of conformal and dual conformal invariance [5, 6, 7] . As a result, the structure of the UV divergences is also similar, in particular, the boundary where the first divergences in SYM appear happens to be given by the universal formula [8, 9, 10] 
where D is the dimension and L is the number of loops. The structure of the amplitudes (and divergences) in SUGRA was also found to be linked to the SYM [11] . This renewed attempts to check the finiteness of the D = 4 N = 8 SUGRA [3, 12] . All this activity became possible with the development of new techniques: the spinor helicity and momentum twistor formalisms, different sets of recurrence relations for the tree level amplitudes, the unitarity based methods for loop amplitudes and different realizations of the on-shell superspace technique for theories with supersymmetry [4] . These techniques were generalized to a space-time dimension greater than D = 4 [13, 14, 15] .
In this note, we consider one of these theories, namely, the D = 6 N = (1, 1) SYM. This is a maximal supersymmetric theory in D = 6 dimensions, after additional compactification on two-torus it is reduced to the D = 4 N = 4 SYM. It can also be considered as a special low energy limit (the effective actions on the 5-branes [16] ) of the string/M theory. It is believed that this theory is also exceptional; at the same time, it is nonrenormalizable by power counting, the coupling constant has a dimension −2 in mass units like in D = 4 gravity. Therefore, this theory serves as a toy model for quantum gravity.
Investigation of this theory which we performed within the spinor-helicity and superfield formalism has led us to some far-reaching conclusions. We first present our calculations which we performed up to 5 and 6 loops and then make some speculations concerning nonrenormalizable theories.
2 Color decomposition, spinor helicity and superfield formalism in
The aim is to calculate the multipaticle amplitudes on mass shell. For this purpose, we first perform the color decomposition extracting the color ordered partial amplitude [4] A a 1 ...an n (p
The color ordered amplitude A n is evaluated in the planar limit which corresponds to
The next step is to use the spinor helicity formalism and on-shell methods [4] . Their advantage is that one calculates explicitly the physical amplitude with external states of a given helicity without unphysical degrees of freedom, gauge fixing, ghosts, etc., the usual attributes of a gauge theory. The description of the spinor helicity formalism can be found in [14, 17] . Applying it one can rewrite the on shell amplitudes in a compact form. For example, using the six dimensional version of the BCFW recurrence relation the tree level 4 gluon color ordered amplitude A 4 can be written as The superfield formalism allows one to take into account the full strength of the N = (1, 1) supersymmetry. The self-consistent way of constructing the superamplitude comprises the harmonic superspace techniques developed in [17] . It results in the following form of the color ordered n-particle superamplitude:
λ A a ,λ˙a A and η a , η˙a being the bosonic and fermionic coordinates of N = (1, 1) on-shell momentum superspace, and P n is a polynomial with respect to η and η of degree of 2n − 8.
We further concentrate on the four point amplitude. In this case, the degree of Grassmannian polynomial P 4 is 0; hence P 4 is a function of bosonic variables only
Comparing this expression with (3) one concludes that the tree level 4-point superamplitude can be written in a very compact form:
What is essential, at any order of PT the amplitude is proportional to the bosonic and fermionic δ-function of reflecting the (super)momentum conservation as in (6) . This means that the tree level amplitude always factorizes and we get a universal expression for the color ordered superamplitude with the radiative corrections:
For the loop corrections one has expansion which due to a universal form of the integrands in any SYM theory coincides with the one in D = 4 N = 4 SYM up to dimensional factors since in D = 6 dimensions the coupling has a mass dimension equal to −2 [7] . This is the consequence of the dual conformal invariance in momentum space [6] equally valid in D = 4 and in D = 6. A remarkable property of this expansion is that all the bubble and triangle diagrams cancel and one is left with the sequence of scalar box diagrams shown in Fig.1 .
Perturbation Expansion for the Amplitudes
Our task here is to calculate the radiative corrections to the four point amplitude. In what follows we proceed loop by loop. The first question is: is there any kind of factorization similar to the BDS formula? The answer is negative for general values of Mandelstam variables s and t as it was shown in [18] where the two loop box diagram was calculated. While the one loop box gives the double logarithm of s/t, the two loop one contains the Polylog functions. In this situation, we concentrate on the Regge asymptotic behaviour when s → ∞ and t < 0 is fixed. Then, all the integrals are expressed in terms of powers of s and t and log 2n (s/t). Since the coupling g 
The Leading Logarithms
In the Regge limit the main contribution to the leading logs comes from the vertical multiple boxes, the so-called ladder diagrams. For the vertical n-loop ladder diagram B n (t, s), which is UV and IR finite, the leading contribution was found in [18] and takes the form Combined with the combinatorial factor s(− t 2 ) n this leads to the series or the leading logarithmical contributions (L.L.) to the amplitude
This series can be summed and represents the Bessel function of the imaginary argument
In the Regge limit when y → ∞ I 1 (2y) → exp(2y)/(2 √ πy) and one gets the Regge type
with
One can see that, as expected for the gauge theory, α(0) = 1. Due to the square root, the result resembles the one in the strong coupling regime and is exact in the limit N c → ∞.
The Leading Powers
Here we consider the leading powers (L.P.) of s coming from the horizontal box diagrams B n (s, t) shown in Fig.1 . These diagrams contain no UV divergences. Being the functions of s and t they do not contain the leading logs and have a finite limit when t → 0. Hence, the n-loop horizontal box can be represented in the form
where the leading behaviour when s → ∞ is given by the constant C n . (The one loop case is somewhat special since it represents simultaneously the vertical and horizontal boxes contributing log 2 (s/t)/2 to the leading logs and π 2 /2 to the leading powers.) The first few constants C n up to 6 loops were calculated in [19] . The result is given in the 
C_n
One can see that C n do not have any simple iterative structure, so one is bound to use the numerical values. The obtained numbers satisfy the following interpolation formula (see Fig.2 , right):
1 Note that the tree amplitude A
4 ∼ s/t just like in four dimensions
6
Taking this formula one can sum the whole infinite series of Fig.1 and get
Note that the resulting function representing the infinite series of diagrams behaves differently from the individual diagrams: while each individual diagram grows with s as a power, the sum is a smooth function of s. The exact form of a function is not crucial here, eq. (16) demonstrates the general tendency.
The Leading Divergences
The UV divergences start from three loops. One has two "tennis court" type diagrams shown in Fig.1 . They both have the 1/ divergence but differ in the powers of s and t. In what follows, we trace the leading divergences of the form 1/ n with the leading powers of s.
In four loops one has 1/ 2 terms, in five loops 1/ 3 terms and so on. These higher order divergences are linked to the lower order ones via the R-operation since all the divergences after subtraction of lower order subdivergences must have the local form. This is a general statement in any local field theory independently of the renormalizability. In principle, one can calculate the higher poles from the lowest one using the generalized reformalization group equation [20] though in practice this is not easy.
The fact that the higher order divergences are linked to the lower order ones via the R-operation allows us to find the leading divergences iteratively without calculating the actual integrals. We performed the calculations up to 5 loops. In four loops one has 3 diagrams which have 3 loop divergent subgraphs, in five loops one has 10 diagrams which have 3 and 4 loop divergent subgraphs and, consequently, the leading divergences. All these diagrams contain as a subgraph the "tennis court" one. As a result, one has the following leading divergences with the leading power of s:
The form of the answer suggests the geometrical progression
7 When → +0 the sum has the finite limit
Thus, the sum of the infinite series is finite while each term diverges badly. The situation reminds the one in renormalizable theories where the leading logarithmic divergences sum up into the denominator. However, the crucial difference is that there we remove the divergences via the renormalization procedure absorbing them into the bare coupling, and here we cannot do it and take the limit → +0 without any renormalization. Contrary to the zero-charge case, the limit of the scattering amplitude is meaningful and leaves the finite part. Presumably, the next-to-leading divergences behave similarly.
Discussion
The obtained results of calculations lead us to the far-reaching conclusions.
First of all, we see that contrary to the renormalizable perturbation theory the finite number of terms does not give the correct answer: The sum of the infinite series behaves differently from each individual term. This is true for both the leading powers and the leading logarithms. The summation of the whole infinite series of the leading logarithms gives the power law behaviour while the summation of the leading powers gives the smooth function. It may well be that the Regge behaviour obtained above is correct in the full theory.
Second, the usual perturbation theory is badly divergent in each finite order while the whole series seems to be finite! This is a remarkable property of the series which we checked up to 5 loops for the leading divergences and leading powers. Needless to say that ma ore thorough check of this fact in the next-to-leading order and subleading powers would be very desirable.
If what we have conjectured is true, it might mean that in nonrenormalizable theories the finite number of PT terms has no meaning while the full theory exists. That would imply that severe UV divergences present in any given order of PT are actually artifacts of the weak coupling expansion. Since the model at hand is the toy model for gravity, one may try to apply the same arguments to quantum gravity. This would mean that one should not be confused by nonrenormalizability of PT in quantum gravity. It may well be that the full theory is meaningful, PT is just not applicable here.
All above considerations bring us to the final conclusion that in order to understand the nonrenormalizable theories, one has to find an alternative description. On has to calculate the amplitude abandoning the usual PT. It should be some kind of a dual description similar to the AdS/CFT correspondence, reggeization of gluons [21] , description of observables in different terms, etc. For example, it is known that the action of nonrenormalizable D = 3 quantum gravity can be written in the form of a pure Chern-Simons theory [22] , which is finite. The result of an alternative approach might be quite different from the PT one.
